1. Introduction. Throughout this paper, (X, d) is a complete metric space, N 0 a natural number, and φ : [0, ∞) → [0, ∞) a function which is upper semicontinuous from the right and satisfies φ(t) < t for all t > 0. We call a mapping T : X → X for which (1.1) min{d(T i x, T i y) : i ∈ {1, . . . , N 0 }} ≤ φ(d(x, y)) for all x, y ∈ X a Jachymski-Schröder-Stein contraction (with respect to φ). Such mappings with φ(t) = γt for some γ ∈ (0, 1) have recently been of considerable interest [1, [7] [8] [9] [10] [11] . In the present paper we study general Jachymski-Schröder-Stein contractions and prove two fixed point theorems for them (Theorems 2.1 and 3.1 below). In our first result we establish convergence of iterates to a fixed point, and in the second this conclusion is strengthened to obtain uniform convergence on bounded subsets of X. This last type of convergence is useful in the study of inexact orbits [4] . Our theorems contain the (by now classical) results of [2, 3] as well as Theorem 2 of [8] , where condition (1.1) was first introduced. In contrast with our Theorem 2.1, it was assumed in [8, Theorem 2] that the function φ was upper semicontinuous and that lim inf t→∞ (t − φ(t)) > 0. Moreover, our argument is completely different from the one presented in [8] , where the Cantor Intersection Theorem was employed. We remark in passing that Cantor's theorem was also used for a linear φ in [5, p. 22 ] (cf. also [6, p. 2] ).
Convergence
Theorem 2.1. Let (X, d) be a complete metric space and let T : X → X be a Jachymski-Schröder-Stein contraction. Assume there is x 0 ∈ X such that T is uniformly continuous on the orbit {T i x 0 : i = 1, 2, . . . }. Then there exists x = lim i→∞ T i x 0 in (X, d). Moreover , if T is continuous at x, then x is the unique fixed point of T .
We are going to define a sequence of nonnegative integers {k i } ∞ i=0 by induction. Set k 0 = 0. Assume that i ≥ 0 is an integer, and that the integer k i ≥ 0 has already been defined. Clearly, there exists an integer k i+1 such that
Assume that r > 0. Then by (1.1), (2.2) and (2.3), for each integer j ≥ 0,
When combined with (2.4), the monotonicity of the sequence
, and the upper semicontinuity from the right of φ, this inequality implies that r ≤ lim sup
a contradiction. Thus r = 0 and
We claim that, in fact,
Indeed, let ε > 0. Since T is uniformly continuous on the set
By (2.5), there is a natural number j 0 such that
Let p be an integer such that
Then by (2.2) there is an integer j ≥ j 0 such that
By (2.9) and the inequality j ≥ j 0 ,
Together with (2.10) and (2.9), this implies that
Thus this inequality holds for any integer p ≥ k j 0 + N 0 and we conclude that
as claimed. Now we show that {T i x 0 } ∞ i=1 is a Cauchy sequence. Let us assume the contrary. Then there exists ε > 0 such that for each natural number p, there exist integers m p > n p ≥ p such that
We may assume without loss of generality that for each natural number p,
By (2.12) and (2.13), for any integer p ≥ 1,
When combined with (2.11), this implies that (2.14) lim
Let δ > 0. By (2.11), there is an integer p 0 ≥ 1 such that
for all integers i ≥ p 0 .
Let p ≥ p 0 be an integer. By (2.11), there is j ∈ {1, . . . , N 0 } such that
By the inequalities m p > n p ≥ p, (2.15) and (2.16),
By (2.14), (2.17), (2.12), and the upper semicontinuity from the right of φ,
Since δ is an arbitrary positive number, we conclude that ε ≤ φ(ε). The contradiction we have reached proves that
Clearly, if T is continuous, then T x = x and x is a unique fixed point of T . Theorem 2.1 is proved.
3. Uniform convergence. For each x ∈ X and r > 0, set
Theorem 3.1. Let (X, d) be a complete metric space and let T : X → X be a Jachymski-Schröder-Stein contraction with respect to the function φ : [0, ∞) → [0, ∞). Assume that φ is upper semicontinuous, T is uniformly continuous on the set {T i x : i = 1, 2, . . . } for each x ∈ X, and that T is continuous on X. Then there exists a unique fixed point x of T such that T n x → x as n → ∞, uniformly on bounded subsets of X.
Proof. By Theorem 2.1, T has a unique fixed point x and
Let r > 0. We claim that T n x → x as n → ∞, uniformly on B(x, r). Indeed, let
Since T is continuous, there is
Since φ is upper semicontinuous, there is
Choose a natural number N 1 such that
Assume that
We will show that
To this end, set k 0 = 0. Define by induction an increasing sequence of integers
By (1.1) and (3.10), the sequence {d(
Assume the contrary. Then by (3.8) and (1.1),
By (3.10), (1.1), (3.11) and (3.6), we have for j = 0, . . . , N 1 ,
Together with (3.8), this implies that
which contradicts (3.7). The contradiction we have reached and the monotonicity of the sequence {d(T k j x, x)} ∞ j=0 show that there is p ∈ {0, 1, . . . , N 1 } such that (3.13) d(T k j x, x) ≤ ε 0 for all integers j ≥ p.
Assume that i is an integer with i ≥ N 0 + N 0 N 1 . By (3.10), there is an integer j ≥ 0 such that (3.14)
k j ≤ i < k j+1 .
By (3.10), (3.14) and the choice of p, 
